It is shown that for a class of position dependent mass Schrödinger equation the shape invariance condition is equivalent to a potential symmetry algebra. Explicit realization of such algebras have been obtained for some shape invariant potentials.
Introduction
Position dependent mass Schrödinger equation (PDMSE) has attracted a lot of attention during the past few years. This is because of the possible applications of PDMSE in a variety of fields like describing the dynamics of electrons in many condensed matter systems, such as compositionally graded crystals [1] , quantum dots [2] and quantum liquids [3] , in the determination of the electronic properties of semiconductors [4] , 3 He cluster [5] etc. and also due to intrinsic interest in such systems. Because of the importance of exact solutions, there have been a growing interest in obtaining the exact solutions of PDMSE in different contexts [6] . Exact solutions of PDMSE's can be obtained using different methods [7] . Among the various techniques used so far algebraic ones like the Lie algebraic approach [8, 9, 10, 11, 12] is particularly interesting since it produces not only the solutions but also reveals the symmetry of the problem. On the other hand another algebraic technique, namely, the shape invariance approach has been found to be extremely useful in obtaining exact solutions of PDMSE [13, 14, 15] . In this context a natural question is the following: Is the shape invariance method related to Lie algebraic ones? It has been shown recently that the answer to this question is in the affirmative in the case of constant mass Schrödinger equation [16, 17, 18] . It may be noted that because of the presence of a non constant mass the shape invariance condition in the case of PDMSE is different from the constant mass case and here our objective is to examine whether or not potential symmetry algebras can be found for shape invariant potential within the context of PDMSE. Here we shall show the existence of potential algebras for a couple of translationally shape invariant potentials while the results for the other cases will be presented in the form of table.
Shape invariant PDMSE
Let us begin with the deformed Schrödinger equation given by [12] 
where the deformed momentum π is given by
and f (x; α) is the deforming function which is assumed to be real and positive and α is a set of parameters. Eq.(1) can be written in the form
where M (x; α) = f −2 (x; α). Thus Eq.(3) can be identified as a PDMSE [19] with a mass function M (x; α) and an effective potential given by
Now we consider two operators A − and A + of the form
where λ is a set of parameters. Then by construction H − = A + A − and H + = A − A + are isospectral partners. The potentials appearing in H ± are then given by
These two partner potentials are shape invariant if
where λ 2 is a function of λ 1 and R is a function independent of x. Using the operators defined in (5), the shape invariance condition (7) can be written as
3 Algebraic structure of translational shape invariance
Here we shall be considering translationally shape invariant potentials i.e, λ n = λ 1 + (n − 1)η. To establish the algebraic structure of such systems we first consider the following operators [16, 17] 
where the operator T (λ 1 ) and its conjugate T † (λ 1 ) are given by
In terms of the operators B + (λ 1 ) and B − (λ 1 ) the Hamiltonian H − can be rewritten as
Now using (8) and the identity R(λ n ) = T (λ 1 )R(λ n−1 )T † (λ 1 ) it can be shown that
Also the operators B − , and B + satisfy the following relations
For unbroken supersymmetry the ground state of H − satisfies the condition
Then from Eq. (13) and Eq. (14) it follows that
Thus B n + |ψ 0 is an eigenstate of the Hamiltonian H − with the eigenvalue R(
From the first two relations of Eq.(13) one gets the following commutation relations
and so on. However if the difference R(λ n ) − R(λ n−1 ) becomes a (non zero) constant then only the first commutator of (16) survives.
Examples
In this section we shall consider a few examples to illustrate the method described in the previous section.
Example 1. Let us first take W (x; λ) = λ 1 x and f (x; α) = 1 + αx 2 , (α > 0) in Eq.(6), so that
Using (7) it can be shown that V − is a shape invariant potential with λ n = λ n−1 + α and R(λ n ) = 2λ n + α
Hence the energy spectrum is given by
Here
Now from (12) we have
Also from (18) it can be shown that
while the other commutators of Eq.(16) vanish. Thus the commutation relations (21) and (23) constitute a finite dimensional potential algebra for the potential (17).
Example 2. As another example we consider a two parameter potential for which W (x; λ, µ) = λ 1 tan x + µ 1 sec x and f (x; α) = 1 + α sin x, (−1 < α < 1). Then from Eq. (6) we get
Here also V − is a shape invariant potential with
Therefore the energy spectrum is given by
Since there are two independent parameters in the potential we take T (λ, µ) = e ∂ ∂λ 1 +α ∂ ∂µ 1 and so the operators B + and B − are given by
In this case we have
So the commutators (28) and (29) constitute the finite dimensional potential algebra for the potential V − (x; λ, µ) in (24).
So far we have considered examples for which supersymmetry is unbroken. However the present method can also be extended to some systems with broken supersymmetry. To show this let us consider the first example of Table 1 . In this case
It can be easily verified that H ± are shape invariant and for λ 1 > 0 and µ 1 > −α, supersymmetry is broken. However by a reflection of the parameter λ 1 [20] one gets
where V − (x, −λ 1 , µ) admits a zero energy state and is of the same form as the first example of Table 1 with different parameters. Consequently it can be treated in a similar way. We would like to note that there are several other shape invariant potentials for which potential algebras can be constructed. Since they can be found out in a similar way, we have omitted the details and have presented the results in Table 1 .
Discussion
Following the method of ref [17] it has been shown here that symmetry algebras belonging to the class of potential algebras can be constructed for a class of shape invariant PDMSE's. We feel that potential algebras similar to the ones considered in ref [18] may also be constructed at least for some shape invariant potentials within the framework of PDMSE. We would also like to point out that here we have not considered the most general translationally shape invariant potentials. For instance let us consider Example 1 and take the superpotential W (x) = (λ 1 x + µ 1 ) and the deforming function f (x) = (αx 2 + 2βx + 1). In this case the partner potentials are given by V ± (x) = λ 1 (λ 1 ± α)x 2 + 2λ 1 (µ 1 ± β)x + µ 2 1 ± λ 1 . These two parameter potentials can be shown to be shape invariant and the parameter relations are given by λ n+1 = λ n + α and µ n+1 = λnµn+2βλn+n 2 αβ λn+α . Thus the difference between two successive λ's is a constant while it is not so for two successive µ's. Similar generalizations can be carried out for some of the potentials listed in Table 1 [12] . We feel It would be interesting to examine whether or not this type of shape invariant potentials as well as the self similar potentials [21] can be treated within the present framework. 
